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A theoretical model based on the Landau-Lifshitz-Bloch equation is developed to study the spin-
torque effect in ferrimagnets. Experimental findings, such as the temperature dependence, the peak
in spin torque, and the angular-momentum compensation, can be well captured. In contrast to
the ferromagnet system, the switching trajectory in ferrimagnets is found to be precession free.
The two sublattices are not always collinear, which produces large exchange field affecting the
magnetization dynamics. The study of material composition shows the existence of an oscillation
region at intermediate current density, induced by the nondeterministic switching. Compared to the
Landau-Lifshitz-Gilbert model, our developed model based on the Landau-Lifshitz-Bloch equation
enables the systematic study of spin-torque effect and the evaluation of ferrimagnet-based devices.
I. INTRODUCTION
Ferrimagnets (FiMs) with antiferromagnetic exchange
coupled transition-metal (TM) and rare-earth (RE) al-
loys have attracted considerable attention due to the rich
physics1–7 and their promise in device applications8–10.
The FiMs are expected to have fast spin dynamics like
antiferromagnets (AFMs), but their magnetic states can
be electrically sensed using the tunnel magnetoresistance
(TMR) effect due to the finite net magnetization (mnet),
which can be tuned by temperature (T ) or material com-
position (X). In addition, the FiMs have large bulk
perpendicular anisotropy, which offers an alternative to
the ferromagnets (FMs) and enables the scaling down of
MRAM down to 20 nm8. Furthermore, different g factors
between sublattices induce an angular-momentum com-
pensation point, which enables fast domain-wall motion9.
The FiMs can be manipulated by magnetic field or
laser heating2,3,11–15, but an electrical method, such as
the spin-transfer torque (STT)1 or the spin-orbit torque
(SOT)4,16, is preferred for electrical characterizations
and applications. Therefore, it is important to study the
magnetization dynamics under spin torque using a model
which can incorporate the effects of T and X. How-
ever, the commonly used theoretical model based on the
Landau-Lifshitz-Gilbert (LLG) equation1,17–19 is limited
at fixed T due to the assumption of a fixed magnetization
length (see Appendix A for detailed analysis of the LLG
model). In contrast, the Landau-Lifshitz-Bloch (LLB)
model has been widely used to describe the magneti-
zation dynamics at elevated T 20, where the T -induced
magnetization-length change is taken into account by in-
cluding a longitudinal relaxation term. To date, the LLB
equations have been implemented for both FMs20 and
FiMs21, and recently the effect of spin torque in FMs
has also been included22. Starting from the atomistic
Landau-Lifshitz equation, in this work, we extend the
LLB model to capture the spin-torque effect in FiMs.
The numerical simulation of current-induced switching in
a FiM/heavy-metal (HM) bilayer is then performed, and
we find the modified LLB model can reproduce salient
experimental findings, such as the magnetization com-
pensation, the reversal of switching direction across the
magnetization-compensation temperature (TMC)
23, and
the peak in spin torque at TMC
24. In addition, the spin-
torque-induced sublattice dynamics in FiMs is studied
and compared to that in AFMs and FMs. The switching
trajectory is found to be precession free, and the sublat-
tices are not always collinear. Finally, the effect of X on
FiM properties is studied.
II. THE MODIFIED
LANDAU-LIFSHITZ-BLOCH EQUATION
As shown in Fig. 1(a), the device structure we stud-
ied consists of a FiM (GdX(FeCo)1X) deposited on top
of a HM layer. The magnetizations of sublattices are
manipulated by the SOT generated by in-plane electrical
current. The FiM is treated as a two-sublattice model,
i.e., Gd and FeCo, which is justified by the experimen-
tal observation that the magnetizations of Fe and Co are
parallel up to the Curie temperature (TC)
25. The mag-
netization dynamics of each sublattice is captured by the
modified LLB equation2,3,22,25–30 (see Appendix B for the
derivation)
m˙v = γv(mv×HMFAv )− Γv,‖(1−
(mv ·m0,v)
m2v
)mv
− Γv⊥mv×(mv×m0,v)
m2v
,
(1)
where Γv,‖ = Λv,NB(ξ0,v)/(ξ0,vB′(ξ0,v)) and Γv,⊥ =
Λv,N [ξ0,v/B(ξ0,v)− 1]/2 are the coefficients of longitudi-
nal and transverse relaxation, respectively. The dimen-
sionless field is given by
ξ0,v = βµv(H
MFA
v +HI/λv). (2)
Eq. (1) contains two coupled equations for FeCo and Gd
identified by the subscript v, which need to be solved
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2simultaneously10. The first term on the right hand side
describes the magnetization precession around the mean-
free field
HMFAv = Hext +HA,v + (J0,v/µv)mv + (J0,vk/µv)mk,
(3)
which consists of the external magnetic field Hext, the
crystalline anisotropy field HA,v = (2Dv/µv)mv,zez with
coefficient Dv, and the exchange coupling between sub-
lattices with coefficients J0,v and J0,vk. The damping
coefficient is given by
Λv,N = 2γvλv/(βµv), (4)
β = 1/(kBT ), (5)
where λv is the damping constant, γv is the gyromag-
netic ratio, µv is the magnetic moment, and kB is the
Boltzmann constant. As previously mentioned, the T -
induced magnetization-length change is described by the
longitudinal relaxation term using the Brillouin function
B(ξ) = coth(ξ)− 1/ξ, (6)
and the spin-torque effective field HI is given by
HI = JS h¯/(2etFiM |XMS,v − qMS,k|), (7)
where h¯ is the reduced Planck constant, e is the electron
charge, tFiM is the thickness of FiM layer, and MS is the
saturation magnetization. The spin current density JS is
formulated as
JS = θSHσ × JC , (8)
where θSH is the spin-Hall angle, σ is the polarization
of spin current, and JC is the charge current. The equi-
librium magnetization m0,v is calculated via the coupled
Curie-Weiss equation
m0,v = B(ξ0,v)ξ0,v/ξ0,v. (9)
Similar to the LLB in FM22, the effect of spin torque only
enters the two relaxation terms. Furthermore, Eq. (1) re-
duces to Eq. (4) in Ref.21 when the spin torque vanishes,
or to Eq. (7) in Ref.22 when FeCo and Gd are not distin-
guished. The numerical integration of Eq. (1) proceeds
using a fourth-order predictor-corrector method10.
The parameters used in the simulation are determined
as follows [see Fig. 1(c)]: First, the Curie-Weiss equation
[Eq. (9)] for pure Gd and FeCo is solved independently
and fit to the experimental M -T curves31 to determine
the exchange coupling coefficients JGd = 0.98 × 10−21J
and JFeCo = 1.5×10−21J. Then, the JGdFeCo = −7.63×
10−21J is obtained by solving the coupled Curie-Weiss
equations of FiM. In addition, a sufficient anisotropy is
used to ensure the perpendicular magnetization. The
θSH and λ are swept with D to fit the experimental
M -H and M -J loops16, and a good agreement10 with
the experimental data is obtained with θSH = 0.0037
32,
λ=0.07, and D = 3.2× 10−26J.
FiM
HM
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xy
z
(a)
Solve Curie-Weiss equation for 
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Solve Coupled Curie-
Weiss equation for FiM
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Atomistic LL equation 
with spin torque for FiM
Fokker-Planck equation
Mean field model
Final form (Eq. 1)
FIG. 1. (a) Schematic view of the device structure consist-
ing of a FiM layer deposited on top of a HM. The FiM in
this study is perpendicularly magnetized GdX(FeCo)1X al-
loy, where Gd and FeCo are antiferromagnetically coupled.
Procedure of (b) equation derivation, (c) model validation
and parameter determination. The derivation starts from the
Landau-Lifshitz equation including the spin torque, followed
by the corresponding Fokker-Planck equation to account for
the statistic behavior, and yields the final form after using the
mean field approximation. This model is validated by com-
paring with the experimental M vs T trajectory31, TMC vs
Gd concentration (X), and M -H and M -I loops16.
III. DETERMINISTIC SWITCHING INDUCED
BY THE SPIN-ORBIT TORQUE
We first study the SOT-induced deterministic switch-
ing in FiM using the LLB model. As shown in Fig. 2, the
JC applied along the x direction generates spin torque
acting on the FiM layer due to the spin-hall effect (SHE)
or the inverse spin galvanic effect (ISGE)33–35. How-
ever, the magnetization cannot be switched vertically
since the spin torque aligns the magnetization to y axis.
This is similar to the perpendicular FM switched by
in-plane current, where an external field along the cur-
rent direction (HX) is required to achieve determinis-
tic switching36–39. The switching in FM system can be
understood as follows: The switching direction is deter-
mined by HX as L = ∆m ×HX , and the spin torque,
∆m = m×(m×HI), should be sufficient to overcome the
energy barrier. Therefore, the switching direction will be
reversed by reversing either HX or current direction
37.
Recently, by applying HX , the current-induced deter-
ministic switching in the FiM/HM bilayer has also been
demonstrated4,16. The measured M -J loop clearly shows
an opposite switching direction by reversing the current,
whereas the effect of HX has not been investigated. In
this study, we show that the switching direction is also
reversed under opposite HX [see Fig. 2], which can be
explained using the abovementioned two-torque analysis
together with the exchange coupling between sublattices.
As shown in Fig. 2(a), the FiM at T = 300 K is FeCo
dominant. The positive JC and HX switch mFeCo from
down to up, and concurrently, the exchange interaction
turns mGd from up to down. When the HX is reversed,
mFeCo is switched from up to down [see Fig. 2(b)], re-
sulting in an opposite M -J trajectory. To confirm the
unique role of HX , we have verified that the equilibrium
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FIG. 2. Simulated SOT-induced switching in FiM
Gd21(FeCo)79 under (a) HX = 1 mT, (b) HX = −1 mT at T
= 300 K. The HX only breaks the symmetry for deterministic
switching. The reversal of switching direction under opposite
HX is similarly explained using the theory in perpendicular
FM.
magnetization is not altered when only HX is applied,
and no switching event is observed when the current is
swept with Hext = 0 or HY . Therefore, the SOT-induced
switching in FiM is determined by the dominant sublat-
tice, followed by the reversal of the other sublattice via
exchange interaction, and the HX only breaks switching
symmetry. It is also worth noting that the maximum
mZ in Fig. 2 is around 0.3, which is an evidence of the
T -induced magnetization-length reduction with mZ = 1
defined at T = 0 K.
Although SOT and HX have similar effects in switch-
ing FiM and perpendicular FM, the time evolutions of
magnetization are very different as shown in Fig. 3,
i.e., the switching trajectory of FiM is precession free,
whereas it is precessional in FM. In the SOT-switched
FM with initial mZ = 1, both anisotropy field and spin
torque align the magnetization to the +z direction for
mZ > 0, resulting in a larger precession term compared
to mZ < 0, where the anisotropy field and spin torque
are opposite. Consequently, more precession occurs when
mZ > 0 [see Fig. 3(b)]. Similarly, the precession-free tra-
jectory in FiM is attributed to the small precession term.
As illustrated using the 3D trajectories in Fig. 3(c), mGd
and mFeCo are switched to opposite directions. Due
to the strong exchange coupling, many studies assume
they are always collinear. However, as the time evolu-
tion of each sublattice and their relative angle shown in
Fig. 4(a), a maximum deviation of 0.9 degree is observed
at t = 30 ns. This number is similar to a recent report
from Mishra et al.4, where a cant of one degree is es-
timated from the strength of exchange field. Since the
exchange coupling between sublattices is very strong (>
100 T40,41), even a very small cant deviates the behavior
of FiM from FM, which might contribute to the different
magnetization dynamics shown in Figs. 3(c) and 3(d).
Similar noncollinearity between sublattices is also pre-
dicted in AFM42, with the deviation angle determined by
the strength of spin torque. To achieve a large-angle non-
collinearity in FiM, recent study shows that a magnetic
field over 5 T is required43. By studying the field-induced
switching in FiM [see Fig. 4(b)], a similar trajectory is
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FIG. 3. Time evolution of the SOT-induced switching (a) in
FiM Gd21(FeCo)79 and (b) in perpendicular FM at T = 300
K. (c) and (d) are the 3D trajectories corresponding to (a)
and (b) respectively. The dot lines in (c) are the projections
on the x-y plane. All simulations start from the equilibrium
state where mZ = 0.3. This reduced value reflects the T -
dependent magnetization, where mZ = 1 is defined at T = 0
K.
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FIG. 4. (a) Time evolution of mZ for FeCo and Gd sublattices
at T = 300 K, with inset showing the magnetization angle
between mGd and mFeCo. (b) Field-induced switching in
Gd21(FeCo)79 at T = 300 K, which has similar trajectories
with the current-induced switching.
observed compared to Fig. 3(a), indicating that a large
spin-torque effective field would be required to get a large
angle deviation. However, as discussed in the next sec-
tion, large spin torque aligns the magnetization to the
spin direction, hence no switching happens.
IV. EFFECT OF TEMPERATURE AND
MATERIAL COMPOSITION
T and X are often tuned in experiments to control the
properties of FiM4,9,23,44. By measuring the M -H loops
as a function of T , TMC can be identified where the co-
ercive field (HC) diverges. However, TMC may not exist
in another sample with a different X16. In this study,
the LLB equation is used to investigate two samples, i.e.,
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FIG. 5. (a) Effect of T on the net magnetization of
Gd21(FeCo)79 (blue square) and Gd23(FeCo)77 (red trian-
gle) with TMC = 75 K below which Gd is dominant, where
the net magnetization is calculated using mnet = (1 −
X)mFeCoµFeCo + XmGdµGd with µFeCo = 2.217µB and
µGd = 7.63µB . Time evolution of mZ,FeCo under spin torque
at (b) T = 130 K and (c) 70 K.
Gd21(FeCo)79 and Gd23(FeCo)77, and we show that the
existence of TMC is determined by the demagnetization
speed and the relative magnitude of mFeCo and mGd.
As reported in our recent study10, both mFeCo and mGd
decrease with T and vanish at the same temperature lo-
cated between TC,FeCo (1043 K) and TC,Gd (292 K). The
common Curie temperature is induced by the strong ex-
change coupling which speeds up the demagnetization
process in FeCo but slows down that in Gd. As shown
in Fig. 5(a), the Gd21(FeCo)79 shows FeCo dominant at
all temperatures, whereas a transition from Gd to FeCo
dominant is observed in the other sample. At low T ,
Gd dominates due to the larger magnetic moment. As
T increases, mnet reduces and vanishes at TMC = 75
K because of the faster demagnetization process in Gd.
Above TMC , mnet rises until a peak and then reduces to
zero at TC . Furthermore, we find that the magnetization
dynamics near TMC [Fig. 5(c)] is similar to the one at
higher T [Fig. 5(b)], which can be understood by notic-
ing the gradual change in effective fields such as HA and
HI . It is only at TMC that a sudden change occurs, and
the effective fields diverge.
As shown in Fig. 6(a), the competition between mFeCo
and mGd is also manifested in the T -dependent M -H
loops23. In addition to the reversal of switching direction,
the HC reaches maximum at TMC to overcome the en-
ergy barrier (E = −M ·H). When T is further increased
(i.e., T > TMC), both mFeCo and mGd reduce, result-
ing in smaller exchange and anisotropy fields [Eq. (3)]
and hence a lower HC . Furthermore, we find the TMC
obtained from the M -H loops is consistent with the equi-
librium state calculation [Fig. 5(a)], which is another ev-
idence that the LLB model captures FiM dynamics.
For practical reasons, T is not preferred as the con-
trol parameter in device applications, whereas X can be
tuned during the deposition process. The change of X
shows similar results to that observed in the T depen-
dence. As X is increased, the FiM changes from FeCo to
Gd dominant, resulting in a reversal of both M -H and
M -J loops4,16. Due to the vanishing mnet at XMC , the
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FIG. 6. (a) M -H loops at different T in Gd23(FeCo)77 with
HX = 2 mT. The blue dot line denotes the transition from
Gd to FeCo dominant. The switching-direction reversal and
the peak in HC observed in experiments
23 are qualitatively
reproduced. (b) M -JC loops at different X with HX = 2
mT. Three dynamic regions are identified, e.g., for X = 0.25,
successful switching happens for 5.7 × 1011A/m2 < JC <
6.4×1011A/m2, oscillation region for 6.4×1011A/m2 < JC <
8 × 1011A/m2, and distorted region for JC > 8 × 1011A/m2
(i.e., m aligns to the y direction).
spin torque diverges4,44. To show the capability of LLB
model in capturing these effects, we have simulated the
X-dependent current-induced switching at T = 300 K.
As shown in Fig. 6(b), the switching direction reverses
at XMC = 0.24 which separates FeCo and Gd dominant
regions. In both regions, mnet is switched from down
to up under positive current, indicating that the SOT-
induced switching is determined by mnet. This is differ-
ent with the anomalous Hall effect (AHE), where RAHE
is determined by mFeCo. In contrast to the magnetic-
field-induced switching in Fig. 6(a), no clear peak of crit-
ical switching current density (JCrit) is observed, which
is attributed to the increase of spin torque near XMC . In-
terestingly, three dynamics regions are identified in our
simulated M -J loops. According to the subfigure of X
= 0.25 in Fig. 6(b), mFeCo is successfully switched from
up to down for 5.7× 1011A/m2 < JC <6.4× 1011A/m2.
When the current exceeds 8 × 1011A/m2, the magneti-
zation is aligned with σ due to the dominance of spin
torque. The magnetization dynamics in these two regions
are considered as typical behaviors which have also been
observed in FM systems45. For the JC in between, how-
ever, an unexpected oscillation occurs. To understand
this, we have simulated the SOT-induced switching in
FM using the LLB model, which is realized by setting X
= 0, and no oscillation is observed. This indicates the im-
portant role of exchange coupling, which competes with
HI and HX , and the oscillation is obtained from the
balance of all these interactions, which is a unique prop-
erty in the system of perpendicular FiM switched by an
in-plane current.
5V. CONCLUSION
In conclusion, we have developed a theoretical model
based on the modified LLB equation to systematically
describe the effect of temperature, material composition,
and spin torque in FiM. The effect of spin torque on
the magnetization dynamics is studied in a FiM/HM bi-
layer, where the switching trajectory is found to be pre-
cession free due to the small precession field. Similar to
the spin-torque switching in AFMs, the two sublattices
are not always collinear, with a maximum angle deviation
of 0.9 degree in our study. This cant between sublattices
induces an oscillation region between the magnetization
switching and the fully alignment with spin polarization,
which is a unique behavior in the perpendicular FiM sys-
tem. Our results of the spin-torque-induced magnetiza-
tion dynamics can be helpful in understanding experi-
mental results and in evaluating FiM-based devices.
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APPENDIX A: NUMERICAL SIMULATION OF
FIM USING THE LLG MODEL
Before we study the LLB model, the LLG equation is
widely used to qualitatively explain experimental find-
ings in FiMs. As the FiM consists of antiferromagnetic
coupled TM and RE sublattices, it is straightforward to
apply one LLG equation to one sublattice19 as
M˙a =− γaMa × (Ha + hMb) + αaMa × m˙a
− γMa × (Ma ×HaI ),
(10a)
M˙b =− γbMb × (Hb + hMa) + αbMb × m˙b
− γMb × (Mb ×HbI),
(10b)
where the three terms on the right hand side are preces-
sion, Gilbert damping, and spin torque, respectively, and
these two equations are coupled through the exchange
terms, i.e., hMb and hMa.
Despite the clear physical picture behind the coupled
equations, the analytical study of FiM using these equa-
tions is complicated. Instead, another effective LLG
model describing the net magnetization1,17,18 is often
used as
M˙eff =− |γeff |(Meff ×Heff ) + αeff (Meff × M˙eff )/Meff
− |γeff |(Meff × (Meff ×HI)),
(11)
γeff (T ) =
MRE(T )−MTM (T )
MRE(T )/|γRE | −MTM (T )/|γTM | , (12)
αeff (T ) =
λRE/|γRE |2 + λTM/|γTM |2
MRE(T )/|γRE | −MTM (T )/|γTM | , (13)
where γeff and αeff are the effective gyromagnetic ra-
tio and damping constant, respectively. By assuming
a collinear TM and RE, we can demonstrate that the
two LLG models are equivalent19. The effective LLG
model is firstly used to qualitatively explain the unex-
pected sign reversal of magnetoresistance (MR) in STT-
switched CoGd layer1, where the coexistence of magneti-
zation and angular-momentum compensation is observed
for the first time. In addition, this model has been used
in the ferromagnetic resonance (FMR) analysis18 and
in explaining the ultrafast spin dynamics in GdFeCo17.
In addition, the quantitative study of the spin-torque-
induced dynamics in FiM using the coupled LLG equa-
tions has been studied without considering the different g
factors or damping constant between sublattices4. In this
study, we choose gFeCo = 2.2, gGd = 2
9, αFeCo = 0.01,
αGd = 0.02, and perform numerical simulations of both
magnetic-field and spin-torque switching using the effec-
tive LLG model, which is integrated via the fourth-order
Runge-Kutta method46. The simulation results are then
compared with the experimental and the LLB results in
the aspect of critical switching current and switching tra-
jectory.
Limited by the fixed magnetization length in the LLG
model, the simulations are performed at fixed T which
is less than TC,Gd due to the requirement of knowing
both MS,Gd and MS,FeCo in Eq. (11). Therefore, we first
choose T = 200 K and study the field-induced switch-
ing with tFiM = 2 nm, and FiM radius rFiM = 25 nm.
The MS of both sublattices are taken from their FM
counterparts at T = 200 K (MS,Gd = 2.02 × 106 A/m31
and MS,FeCo = 1.73× 106 A/m47), resulting in a FeCo-
dominant sample. As the critical switching field is inde-
pendent on the damping constant, we are left with one
free parameter, i.e., the crystalline anisotropy field (HK).
The magnitude of HK is determined by performing re-
laxation simulation, where the magnetization is required
to return to the perpendicular direction, i.e., the magne-
tization is firstly tilted away from the z direction (e.g.,
70 degree tilt), and then, it is relaxed without any mag-
netic field or current. As a result, HK has to be larger
than 0.9 T to maintain a perpendicular magnetization.
Next, the effect of HK on HC is studied, where HC in-
creases linearly with HK . Consequently, the smallest HC
= 200 mT is obtained using HK = 0.9 T, much larger
than the experimental measured HC = 50 mT
23. Fur-
thermore, when the above procedures are repeated at
other T (0 < T < 293K), we find that the sample is al-
ways FeCo dominant, failing to explain the experimental
observed Gd-dominant region.
However, the results from the LLG model can fit the
experimental M -H loop if the restrictions of taking MS
from FM counterparts are removed [see Fig. 7(a)], which
can be justified by the difference in exchange coupling
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16 and simulated
mZ,FeCo (red triangle) using the effective LLG model for (a)
SOT-induced switching, and (b) magnetic-field switching with
MS,Gd = 3.2 × 105A/m and MS,FeCo = 1.73 × 106A/m. (c)
and (d) are the time evolutions of mFeCo correspond to (a)
and (b), respectively.
strength and lattice occupations between FiM and FM.
We then simulate the current-induced switching using
MS and HK obtained from the fitted M -H loop, and a
good fitting shown in Fig. 7(b) is obtained with αFeCo=
0.01, αGd= 0.02 and spin polarization P = 0.4.
Figs. 7(c) and 7(d) show the trajectories of field and
current switching, respectively. Both of them are similar
to that in FMs39, which is expected since the effective
LLG model treats the FiM as a single magnet. How-
ever, the current-induced magnetization dynamics pre-
dicted by the LLG model [see Fig. 7(d)] is very different
to that in the LLB model as shown in Fig. 3(c), and more
results from time-resolved experiments48 would be help-
ful to resolve this discrepancy. As a result, although the
LLG model can reproduce the experimental M -H and
M -J loops by fitting MS , different sets of MS will be
generated at different T , and some of them might be un-
realistic. In addition, these MS are not correlated and
cannot be explained using a unified theory. In contrast,
the LLB model can reproduce the experimental results
for all temperatures by using one set of parameters10,
which is attributed to its capability of capturing the T -
dependent magnetization-length change. In this aspect,
the LLB model is more suitable in studying FiM proper-
ties.
APPENDIX B: DERIVATION OF THE LLB
EQUATION INCLUDING SPIN TORQUE
The derivation of Eq. (1) starts from the lattice-site
atomistic Landau-Lifshitz equation with an additional
spin-torque term
s˙ = γ[s× (H+ ζ)− λs×(s×H) + (s× (s×HI))], (14)
H = Hext + (2D/µ)s
z
i ez +
∑
j∈neig
JijSij/µ, (15)
< ζa(t)ζb(t
′) >= 2λTδabδ(t− t′)/(γµ0), (16)
where s is the spin angular momentum, ζ is the thermal
field with the subscript representing different Cartesian
components (i.e., x, y, and z), and t is the time. The
three terms on the right hand side of Eq. (14) represent
precession, damping, and spin-torque effect, respectively.
The exchange coupling in the last term of Eq. (15) only
considers the influence of nearest neighbors, and Eq. (16)
indicates that the sublattice spin is uncorrelated with
respect to time and other Cartesian components. The
direct simulation using Eq. (14) is known as atomistic
modeling2,3,22,25,26, and the information of magnetiza-
tion dynamics is obtained by summing up all the lattice-
site spins. Since the lattice constant is very small (a
few angstroms), the atomistic model is limited to very
small devices with diameter below 20 nm26. To simu-
late larger devices, a statistical model is developed based
on Eq. (14), resulting in a single equation, i.e., Fokker
Planck equation, which captures the spin dynamics as
∂f
∂t
+
∂
∂(N)
{γN×H− γN× (N× (λH+HI))
+
γλT
µ0
[N× (N× ∂
∂N
)]}f = 0,
(17)
where f is the spin-distribution function, and N is a vec-
tor on a sphere with |N| = 1. Then, the spins are trans-
formed to magnetization through
m ≡< s >=
∫
d3NNf(N, t), (18)
and Eq. (17) becomes
m˙ = γ[m×H]− ΛNm− γλ < s× [s×H] > . (19)
However, Eq. (19) is difficult to solve due to the mix-
ture of m and s, which can be resolved by applying the
mean field approximation (MFA)21,25, resulting in an ex-
plicit equation showing as Eq. (1). This process of model
development is summarized as a flowchart in Fig. 1(b).
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